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Certain insulating materials with strong spin-orbit interaction can conduct currents along their
edges or surfaces owing to the non-trivial topological properties of their electronic band-structure.
This phenomenon is somewhat similar to the integer quantum Hall effect of electrons in strong mag-
netic fields. Topological insulators analogous to the fractional quantum Hall effect are also possible,
but have not yet been observed in any material. Here we show that a quantum well made from a
topological band insulator such as Bi2Se3 or Bi2Te3, placed in contact with a superconductor, can
be used to realize a two-dimensional topological state with macroscopic many-body quantum entan-
glement whose excitations carry fractional amounts of electron’s charge and spin. This fractional
topological insulator is a “pseudogap” state of induced spinful p-wave Cooper pairs, a new strongly
correlated quantum phase with possible applications to spintronic devices and quantum computing.
The recently discovered two-dimensional topological
insulators (TI) with time-reversal (TR) symmetry1–4 are
band-insulators related to integer quantum Hall states in
which electron spin plays the role of charge. They can be
obtained in HgTe, Bi2Te3 and Bi2Se3 quantum wells ow-
ing to the strong spin-orbit coupling, and exhibit topo-
logically protected gapless edge states despite the spin
non-conservation5. The properties of quantum wells are
linked to the topologically protected surface states of the
extensively studied bulk materials6–8.
Instabilities caused by interactions among electrons
can establish unconventional quantum states in TIs, with
broken symmetries9,10 or topological order11–14. These
envisioned forms of quantum matter could realize robust
macroscopic entanglement between spatially separated
electrons in the TI materials, which motivates both the
fundamental research and the quest for applications in
spintronics and quantum computing. Here we aim to re-
alize a new class of strongly correlated TIs that exhibit
phenomena reminiscent of the fractional quantum Hall
effect (FQHE) in strong magnetic fields, but without its
TR symmetry violation15–22. Such fractional TIs feature
quasiparticles that carry fractional amounts of electron’s
charge and spin. Exotic states with non-Abelian statis-
tics are also possible and promise the ability to perform
quantum computation with a greater level of quantum
control than in FQHE qubits, because both charge and
spin can be manipulated and entangled.
One approach to obtaining fractional TIs, inspired by
the FQHE, exploits Coulomb interactions among elec-
trons in a partially populated band made narrow by the
spin-orbit coupling23–25. It might be very difficult to find
TI materials with sufficiently narrow bands and strong
interactions, so the goal of this paper is to propose a
different approach. Here we consider a heterostructure
device in which a two-dimensional electron gas can be
tuned near a quantum critical point (QCP). Every quan-
tum critical system is sensitive to relevant perturbations
that impose their energy scales on dynamics and define
the phases that surround the critical point in the phase
FIG. 1: The heterostructure device that can host fractional
TR-invariant quantum states. A topological insulator (TI)
quantum well is sandwiched between a conventional super-
conductor (SC) and a conventional insulator (I). The gate
(G) voltage can be used to control the state of the TI, and
the topological properties of the TI can be probed via a Hall-
bar setup of leads (L).
diagram. We will show that the spin-orbit coupling is
characterized by a large “cyclotron” energy, and thus in-
deed represents a relevant perturbation that can domi-
nate near the critical point and stabilize fractional topo-
logical states just like a strong magnetic field would. The
proposed heterostructure is not only routinely achievable,
but also provides the best platform to experimentally
seek a variety of topologically non-trivial superconduct-
ing and insulating quantum states that have not been
observed or hypothesized before, and whose existence is
guaranteed by the fundamental principles discussed here.
We engineer a QCP by placing a TI quantum well
in contact with a conventional superconductor (SC) as
shown in Fig.1. The SC’s pairing glue induces a weak
short-range attractive interaction between the TI’s elec-
trons, but the TI’s two-dimensionality assures the for-
mation of bound-state Cooper pairs for any interaction
strength27. Electrons could then be pulled into the TI
and immediately bound into pairs by applying a gate
voltage, causing a bosonic mean-field quantum phase
transition to a superconducting state in the TI28–30. The
2(a)
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FIG. 2: (a) The qualitative zero-temperature phase diagram
of attractively interacting electrons in a quantum well. Gate
voltage VG controls the electron gap in the quantum well and
tunes the quantum critical point (QCP) between a supercon-
ductor (SC) and a bosonic Mott insulator (MI) of Cooper
pairs. The lowest energy excitations in the MI are charge 2e
bosons, but they disappear at the crossover (dashed line) to
the band-insulator (BI) where only gapped fermionic quasi-
particles with charge e exist. A spin-orbit coupling whose
strength is measured by a “cyclotron” energy ωΦ (defined in
the text) introduces a vortex lattice in the superconducting
state of spinful p-wave Cooper pairs. Quantum melting of
such a vortex lattice gives rise to correlated “vortex liquid”
(VL) states, which are the prime candidates for fractional
TIs. (b) The energy spectrum E(k) of the Hamiltonian (1) for
m ∼ 2.5 ·10−31 kg, v ∼ 4 ·105m/s and ∆ ∼ 100 eV (k = p/~).
This two-orbital example approximates the ARPES spectrum
from the Fig.3d of Ref.26 when ∆ = 0. (c) The Cooper pair-
ing channels in the TI include intra-orbital spin singlets (Φ±),
inter-orbital spin singlets (Φ0), and inter-orbital p-wave spin
triplets (ηm, where m ∈ {0,±1} is the z-axis spin projection).
ensuing QCP could naively occur in any pairing channel,
but the conventional proximity effect (order parameter
leakage) washes out such a QCP of singlets. Only triplet
Cooper pairs, made from two electrons in different TI’s
hybridized surface orbitals, are free to experience a true
phase transition if they can be energetically favored. This
is where the TI’s Rashba spin-orbit coupling steps in. It
gives the triplets a crucial boost, and then takes our sys-
tem away from the QCP as in the Fig.2(a). We will argue
that the triplet superconductor in the TI is a vortex lat-
tice of spin-currents, whose quantum melting induced by
a gate voltage likely yields a non-Abelian fractional TI.
This scenario can be derived from solid phenomeno-
logical arguments alone. We will use the symmetries of
the minimal TI model to construct the effective action of
the TI affected by the SC. We will then explain why the
triplets form a vortex lattice, why such a vortex lattice
is inevitably melted by applying a gate voltage, and why
the resulting vortex liquid is a candidate for a fractional
TI. At the end we discuss the properties of the possible
fractional TIs in our system and limitations of our model.
The minimal model Hamiltonian of a non-interacting
TI quantum well can be written as31,32:
H =
(p− τzA)2
2m
+∆τx−µ , A = −mv(zˆ×S) . (1)
It describes four electron states per momentum p, la-
beled by the spin projection Sz = ± 12 (in the ~ = 1
units), and the orbital index τz = ±1 equivalent to the
top/bottom surface of the quantum well. The vector
spin operator is S = 12σ
arˆa, a ∈ {x, y, z}, and σa and
τa are Pauli matrices that operate on the spin and or-
bital states respectively. The static Yang-Mills SU(2)
gauge field A embodies the Rashba spin-orbit coupling33
Hso = v zˆ(S× p)τz and produces a massless Dirac spec-
trum if ∆ = 0. However, inter-surface tunneling ∆ 6= 0
opens a bandgap, assuming that the model applies only
to momenta p < Λ =
√
(mv)2 − (∆/v)2. A natural cut-
off Λ is provided by the lattice potential in materials.
The mass m describes a small Dirac-cone curvature seen
in ARPES measurements26. Fig.2(b) shows that (1) ad-
equately approximates materials, with a relatively large
fitted m. This model has the relativistic particle-hole
symmetry when µ = 0 and m → ∞. Its many-body
ground state is a band-insulator for |µ| < |∆|, which is
topological when ∆ has a proper sign2.
The spin-orbit SU(2) gauge field from (1) carries a non-
zero “magnetic” Yang-Mills flux34 (µ, ν... ∈ {t, x, y}):
Φµ = ǫµνλ(∂νAλ − iτzAνAλ) = 1
2
(mv)2δµt τ
zσz . (2)
Note that the SU(2) charge τz is required here by gauge
invariance. Being a generalization of the U(1) magnetic
flux responsible for the Hall effect, the SU(2) flux is the
source of topological phenomena in TIs and sets their
“cyclotron” energy scale ωΦ = mv
2. Our construction of
the effective action for interacting electrons will greatly
benefit from exposing the SU(2) gauge symmetry of the
idealized model (1). At the end, we will discuss the con-
sequences of gauge symmetry violations in real materials.
The electron dynamics in the TI quantum well is al-
tered by the proximity to the SC in the device from
Fig.1. The SC is a fully gapped quantum liquid of
Cooper pairs characterized by two energy scales, the pair-
ing ∆p and photon ∆γ = ~cλ
−1
L gaps, where c is the
speed of light and λL is the London penetration depth.
Fermionic quasiparticles have anomalously small or van-
ishing density of states below the pairing gap, which
is ∆p = 2~vf/πξ in conventional superconductors with
Fermi velocity vf and coherence length ξ. The smaller of
the two gaps defines a cut-off energy for the low-energy
dynamics in the TI that we shall discuss. The dynamics
responsible for the triplet superconductor-insulator tran-
sition in the TI is indeed defined below this cut-off and
hence can be captured by a two-dimensional effective the-
ory whose degrees of freedom are decoupled from those
of the SC. We will show that the resulting theory indeed
features a triplet superconductor-insulator transition in-
side the TI across which ∆p 6= 0.
Our effective TI model is given by the imaginary-time
action S =
∫
dt˜dr2 ψ†(∂0 +H)ψ + Sint. Living near the
conventional SC, all TI’s electrons couple to its phonons
and thus acquire BCS-like short-range attractive interac-
tions among themselves, irrespective of their spin or or-
3ψτσ(k) φn(k) ηm(k)
Tr translations ψτσ(k) φn(k) ηm(k)
Rθ rotations ψτσ(Rθk) φn(Rθk) ηm(Rθk)
Ri spatial reflect. ψτσ¯(Rik) −φn(Rik) ηm¯(Rik)
It time reversal σψ
†
τσ¯(−k) −φ
†
n(−k) (−1)
mη†m¯(−k)
C charge U(1) eiθψτσ(k) e
i2θφn(k) e
i2θηm(k)
S spin U(1) eiσθψτσ(k) φn(k) e
i2mθηm(k)
local spin SU(2) Wσσ′ψτσ′(k) φn(k) Umm′ηm′(k)
TABLE I: The symmetry transformations of electron ψστ ,
singlet φn and triplet ηm fields in (4). W and U are SU(2)
transformation matrices exp (iγaθa) with SU(2) generators
γa, a ∈ {x, y, z} in the S = 1
2
and S = 1 representations
respectively. (γa are related to the spin matrices Sa = ~γa.
Also, τ, σ = ±1; n,m ∈ {±1, 0}; l¯ ≡ −l.)
bital state. This is generic, but overcoming the Coulomb
repulsion in the TI requires a sufficiently strong pairing
in the SC and a sufficiently thin quantum well. With-
out knowing the microscopic form and strength of these
interactions, we must consider all channels:
Sint =
1
2
∫
dt˜ d2r
(
U1ψ
†
τσψ
†
τσ′ψτσ′ψτσ (3)
+ U2ψ
†
τσψ
†
τ¯σ′ψτ¯σ′ψτσ + U3ψ
†
τσψ
†
τ¯σ′ψτσ′ψτ¯σ
)
+ · · ·
Here τ = ±1 and σ = ±1 label the orbital τz and spin Sz
states of the electron fields ψτσ respectively (τ¯ = −τ),
while the dots denote weak orbital-non-conserving forces.
By applying the Hubbard-Stratonovich transformation
on the path-integral, we can eliminate the interaction
couplings (3) in favor of six Cooper pair fields displayed
in Fig.2(c): two intra-orbital singlets φ± (U1), two inter-
orbital Sz = ±1 triplets η± (U2/3 at σ=σ′), inter-orbital
singlet φ0 and S
z = 0 triplet η0 (U2/3 at σ6=σ′):
S′int =
∫
dt˜ d2r
{∑
τ=±1
(
u|φτ |2 + φτ ǫσσ′ψ†τσψ†τσ′ + h.c.
)
+ u′|φ0|2 + φ0
1√
2
(
ψ†+↑ψ
†
−↓ − ψ†+↓ψ†−↑
)
+ h.c.
+
∑
σ=±1
(
v|ησ|2 + ησψ†+σψ†−σ + h.c.
)
(4)
+ v′|η0|2 + η0
1√
2
(
ψ†+↑ψ
†
−↓ + ψ
†
+↓ψ
†
−↑
)
+ h.c.
}
The symmetry transformations of these fields are summa-
rized in the Table I. In conjunction with (1), the SU(2)
symmetry would imply v = v′.
Fermionic excitations remain gapped across
superconductor-insulator quantum phase transition
in simple two-dimensional band-insulators with attrac-
tive interactions29, and we will explain shortly why
this also holds in TIs. Then, we may integrate-out the
gapped fermion fields in the path-integral to obtain
a purely bosonic effective action Seff that describes
Cooper pair dynamics at energies below the pairing
gap. We can avoid a complicated calculation by relying
on symmetries to construct the Landau-Ginzburg form
of Seff. Since two electrons with the same spin from
different orbitals have the same cyclotron chirality, the
Cooper pairs η± with S
z = ±1 possess the SU(2) charge,
unlike the singlet fields. Together with η0 they form a
triplet η = (η−, η0, η+) that minimally couples to the
same SU(2) gauge field A as (1) but expressed in the
S = 1 representation. This can be seen from the local
SU(2) transformations in the Table I. Therefore,
Seff =
∫
dt˜ d2r
{
φ†∂0φ+ (∇φ)
† Kˆs (∇φ) + φ
† tˆsφ
+η†∂0η +Kt
∣∣∣(∇− iA) η∣∣∣2 + (tt + φ† tˆ′sφ)|η|2 + Ut|η|4
+Us,σ1σ2σ3σ4φ
†
σ1φ
†
σ2φσ3φσ4 −∆†sφ−∆sφ†
}
. (5)
Some Cooper pair modes may have energy in the two-
electron continuum, and should be expelled from Seff. We
omitted Coulomb interactions, and used the most general
non-relativistic dynamics. We organized the singlet fields
into a vector φ = (φ−, φ0, φ+) and wrote their quadratic
couplings in the matrix form. The vector ∆s depends on
the SC’s order parameter and the SC-TI interface. The
singlet matrices Kˆs, tˆs, tˆ
′
s and tensor Uˆs are TR-invariant,
and realistic SU(2) symmetry violations can be captured
by additional triplet couplings.
Inter-orbital triplets compete with singlets. One of the
intra-orbital singlet channels has a stronger induced in-
teraction than all inter-orbital channels for geometric rea-
sons, which naively means that singlets should condense
before triplets when electrons are drawn into the TI from
the SC by the gate voltage. Here we neglect the intrinsic
singlet condensation due to ∆s 6= 0, made small by the
TI’s bandgap. However, the Rashba spin-orbit coupling
inAµ mixes the triplets into two helical modes, analogous
to the Dirac conduction and valence band eigenstates of
(1). One helical mode has energy that decreases when
its momentum grows (like the Dirac valence band), and
thus “always” condenses at sufficiently large momenta
according to (5). It has a natural advantage over singlets
despite its origin in the weaker induced interaction.
The helical condensate locally gains Rashba energy
zˆ(S × p) < 0 in (5) by coupling to Aµ the TR-invariant
currents of properly oriented spin (perpendicular to the
current flow). Such a state is globally in equilibrium only
if the currents flow in loops. The optimal configuration
is always a vortex lattice35,36, illustrated in Fig.3, and
its existence also gives birth to fractional TIs. Imagine
tuning the gate voltage to reduce the superconducting
stiffness ρs toward zero. The vortex kinetic energy due
to zero-point quantum motion can be estimated from the
Heisenberg uncertainty as Ekin ∼ l−2Φ /mv, where lΦ is the
SU(2) ”magnetic length”, and mv is the effective vortex
mass. In (charged) superconductors, mv is roughly con-
stant as ρs → 0, but turns into mv ∼ | log(ρs)| when
4FIG. 3: A TR-invariant Abrikosov lattice in the helical triplet
condensate, η+ = η
∗
−, η0 = −η
∗
0 . Coinciding vortices in η+
(red circles) and antivortices in η− (blue circles), comprise an
equilibrium state without charge currents and spin texture,
which gains energy by its Rashba-coupled spin current loops.
the screening length λL ∼ ρ−1/2s diverges37. The poten-
tial energy due to the vortex lattice stiffness scales as
Epot ∼ ρs per vortex (ρ2s if the spectrum has Landau lev-
els), which easily follows from the free energy expansion38
in powers of ρs. There is a critical finite ρs at which the
vortex lattice melts in a first order transition because
Ekin ≥ Epot. This happens at the solid line that sepa-
rates the SC and VL regions in Fig.2(a). Since ρs also
measures the quasiparticle pairing gap, its finite value
implies that the transition is shaped by the Cooper pair
dynamics below the fermion excitation gap. The result-
ing insulator is a quantum vortex liquid of uncondensed
Cooper pairs, whose qualitative properties are captured
by the purely bosonic theory (5).
Quantum liquids of SU(2) vortices are the prime candi-
dates for fractional TIs when their density is comparable
or larger than the density of Cooper pairs (otherwise,
Mott or density-wave insulators are stable). This expec-
tation is based on the transitions from vortex lattice con-
densates to fractional quantum Hall states in the analo-
gous system of bosons in (effective) magnetic fields39–43.
The mass m in (1) can be estimated from the curva-
tures of the Dirac cones in ARPES experiments26, and
it is larger than the “spin-orbit” mass mso = ∆/v
2 by
a factor of λ = mmso ≈ 5 − 10 (v ≈ 5 · 105 m/s). The
cyclotron energy ωΦ = Φ/m = λ∆ is not small in quan-
tum wells with bandgaps ∆ = 10 − 100 meV that can
be engineered with a few quintuple layers4. The den-
sity of “magnetic” SU(2) flux quanta is nΦ = Φ/h
2 =
λ2∆2/(vh)2 ≈ λ2 × 2 · 1015 m−2. These estimates look
promising if we compare them with typical flux-quantum
densities nφ = B(hc/e)
−1 ≈ 2.5 ·1015 m−2 (in B = 10 T)
and cyclotron scales ωφ = ~eB/mc ≈ 1 meV of elec-
trons in fractional quantum Hall states. The TI’s Cooper
pair density is controlled by the gate voltage, and can be
brought near and below nΦ to stabilize a fractional in-
compressible quantum liquid in a finite parameter range
of size ωΦ surrounding the QCP in Fig.2(a). Detecting
fractional charge and statistics in the absence of magnetic
fields, by shot-noise or quantum interferometry methods
from FQHE experiments44,45, would provide clear evi-
dence of an established fractional TI in the quantum well.
Without microscopic modeling and experimental data
we cannot rule out a possibility that singlets would con-
dense before triplets in a particular device. But even
then, a further raise of the gate voltage would eventu-
ally condense triplets. Singlets cannot completely screen
out the gate from triplets because they repel each other
stronger than they repel the triplets, by the Pauli exclu-
sion principle. Future experimental probes of topological
spin dynamics may be able to reveal fractional η vortex
liquids even if they coexisted with a singlet supercon-
ducting state of the φ fields (which cannot screen spin).
Finding the precise nature of the fractional TIs goes
beyond the scope of this paper as it requires the exact
diagonalization of a microscopic model. Instead, we can
illustrate their bosonic character by a simple example,
such as the bosonic Laughlin wavefunction21 of 2N triplet
Cooper pairs η± whose coordinates are zi±:
Ψ =
1...N∏
i<j
(
zi+ − zj+
)n (
z∗i− − z∗j−
)n 1...N∏
i
e−
|zi+|
2+|zi−|
2
4l2 .
The integer n is even, and this Abelian TR-invariant
state has excitations with fractional charge 2e/n, spin
~/n and spin-Hall conductivity σsxy = 4e~/(nh). Since
〈|η±|2〉 ≡ Φ/(2πn) and Φ can be calculated from (5)
and (9), one can find n in any ground state and iden-
tify Laughlin states by integer-valued n. The wavefunc-
tions of hierarchical quantum spin-Hall states can also be
constructed21,22. They all describe TR-invariant vortex
liquids of spinful bosons (with vortex density l−2), and
thus are not far from being good candidates for the frac-
tional TIs in our system. However, they are not adequate
either because the Sz spin component is not conserved.
It is presently unknown how to write a proper wavefunc-
tion for a fractional TI shaped by the Rashba spin-orbit
coupling, but an effective field-theory description is avail-
able and points to the naturally non-Abelian character of
the ensuing incompressible quantum liquids.36,46,47
Instead of Sz, the spin quantum number in an ideal
Rashba-based TI is the eigenvalue of zˆ(S× pˆ) as evident
from (1). If it were conserved, measuring its average
on the fractional TI’s quasiparticles in the momentum p
eigenstate would yield a fraction of ±~. However, the
realistic complete spin non-conservation, manifested as a
gauge symmetry violation in (5), spoils the measurements
of fractional spin. At least there is no obstacle to observ-
ing the conserved fractional charge, so the fractional TIs
can exist. The fractional spin is a degree of freedom
rather than a quantum number of quasiparticles (which
has a mixed spin and orbital character). Combining an
integer number of fractional quasiparticles must recon-
stitute a triplet Cooper pair, so the quasiparticles must
inherit from it a degree of freedom that transforms like
spin under time-reversal and spans multiple basis states.
Its fractional quantization is guaranteed by the funda-
mental properties of vortex dynamics in incompressible
quantum liquids, and its spin-orbit coupling may yield
new topological orders not found in FQHE systems.
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6Supplemental material
This supplement provides technical support for our
central phenomenological claim: the condensate of spin-
ful triplet Cooper pairs in the presence of the Rashba
spin-orbit coupling is a vortex lattice. This claim is fully
based on two simple facts that we outlined in the main
article: 1) any external gauge flux “diamagnetically” en-
courages current flow, and 2) any current flow in equi-
librium superconductors must take the form of a vortex
lattice. The main purpose of the following calculations
is to illustrate these facts. A by-product of these calcu-
lations, not essential for our main analysis, is the likely
form of the triplet vortex lattice involving “helical” spin-
currents (whose spin is perpendicular to its flow by the
right-hand rule). At the end, we will briefly discuss the
nature of incompressible quantum liquids obtained by the
quantum melting of such a triplet vortex lattice.
We performed the calculations below in the continuum
limit to keep them tractable and to analytically reveal
the possible character of vortices. However, it should
be kept in mind that our system of interest lives on a
lattice and has a momentum cut-off Λ′ smaller than or
comparable to the characteristic spin-orbit momentum
Λ =
√
(mv)2 − (∆/v)2 at which the naive continuum-
limit dispersion reaches minimum. The dynamics at the
cut-off scales is important in this problem, and will be
adequately studied in the future.
I. HELICAL TRIPLET CONDENSATE
A type-II superconductor generally forms a vortex lat-
tice in the presence of a uniform flux density that cannot
be expelled from the system. This fact is well-known in
the case of U(1) magnetic fields, and here we show by a
simple calculation that it also holds for the Rashba spin-
orbit SU(2) fluxes. We will use the conservation laws for
spin-currents to restrict the ground state order param-
eter of a triplet superconductor with Rashba spin-orbit
coupling. This will allow us to construct the qualitative
pattern of spin-currents in the ensuing vortex lattice.
Consider the action of triplet Cooper pairs in the topo-
logical insulator (TI) quantum well, extracted from the
Eq.5 in the main article:
Seff =
∫
dt˜ d2r
{
η†∂0η +Kt
∣∣∣(∇− iA) η∣∣∣2
+t′t|η|2 + Ut|η|4 + · · ·
}
. (6)
The SU(2) gauge field Aµ = (At,A):
A = −mv(zˆ× S) , At = 0 , (7)
where S is the spin operator of triplet Cooper pairs (in
the S = 1 representation), embodies the Rashba spin-
orbit coupling because the gauged gradient term in the
action expands into:
S
(kin)
eff =
∫
dt˜ d2r
{
Kt|∇η|2 + 2Ktη†A(i∇)η
}
(8)
=
∫
dt˜ d2r
{
Kt|∇η|2 + 2mvKtη†zˆ(S× p)η
}
apart from an uninteresting contribution to the mass t′t
in (6). We showed in the main article that the gauge field
such as (7) has a finite SU(2) flux Φ 6= 0:
Φµ = ǫµνλ(∂νAλ − iAνAλ) = ΦδµtSz . (9)
The charge jµ and spin J
a
µ current densities of the
triplet fields are:
jt = η
†η (10)
ji = − i
2m
(
η†(∂iη)− (∂iη†)η
)
Jat = η
†Saη
Jai = −
i
2m
(
η†Sa(∂iη)− (∂iη†)Saη
)
where the temporal current components (µ = t) are
ordinary densities of charge and spin, the spatial cur-
rent components (µ ≡ i ∈ {x, y}) indicate the flow of
charge and spin, braces denote anti-commutators, and
Sa, a ∈ {x, y, z} are the spin projection operators:
Sx =
1√
2
 0 1 01 0 1
0 1 0
 , Sy = 1√
2
 0 −i 0i 0 −i
0 i 0

Sz =
 1 0 00 0 0
0 0 −1
 . (11)
The most general TR-invariant triplet order parameter
can be expressed as a function of three real functions of
coordinates, θ, α and ζ > 0:
η =
 η+η0
η−
 = ζeiθ0
 e−iθ cosαi√2 sinα
eiθ cosα
 . (12)
No physical observable depends on the arbitrary constant
phase eiθ0 , and we may treat θ and α as two independent
angles in the (0, 2π) interval even though the transforma-
tion θ → θ+π, α→ π−α leaves the η spinor unchanged.
The non-vanishing current density components (10) are
only those that remain invariant under TR:
jt = 2ζ
2 (13)
Jx =
2ζ2
m
[
cos θ∇α+
1
2
sin θ sin(2α)∇θ
]
Jy =
2ζ2
m
[
sin θ∇α− 1
2
cos θ sin(2α)∇θ
]
Jz = −2ζ
2
m
cos2 α∇θ .
7Specifically, there is no spin-texture (Jat = 0) and no
flow of charge (j = 0), but charge density jt 6= 0 is free to
break translational symmetry by forming a vortex lattice,
and so is the spin-current density Ja.
A. Restrictions on the order parameter
The superconductor’s order parameter is a classical
quantity by the virtue of being the expectation value of
a field operator. Therefore, the currents obtained from
the order parameter must obey the classical conservation
laws. These laws can be derived from the equation of
motion, which for a non-relativistic theory like ours is
the Schrodinger equation (or its adjoint):
1
2m
(−i∇−A)2η + · · · = i∂η
∂t
(14)
1
2m
[
(−i∇−A)2η
]†
+ · · · = −i∂η
†
∂t
.
The conservation laws for spin-currents are obtained
when the second equation is multiplied from right by
Saη and subtracted from the first equation multiplied
from left by η†Sa. After some algebraic manipulation,
one arrives at:
∂µIµ − i[Aµ, Iµ] = 0 (15)
where Iµ = I
a
µS
a are the SU(2) matrices of the gauge
covariant spin-currents
Iat = J
a
t , I
a
i = J
a
i −
1
2m
η†{Sa,Ai}η . (16)
The expression (15) is perhaps more familiar in its gauge-
covariant form [Dµ, Iµ] = 0, where Dµ = ∂µ − iAµ is
the covariant derivative. The matrix formulation of spin
currents is convenient due to its simple SU(2) transfor-
mation:
Iµ →WIµW † . (17)
The general SU(2) gauge transformation is specified by
a matrix W = exp(iSaθa) that depends on three angles
θa(r, t). It affects the spinor and gauge fields in the fol-
lowing manner:
η →Wη , Aµ →WAµW † + iW∂µW † , (18)
and leaves the spin-current conservation law (15) invari-
ant. The charge-current conservation law takes the usual
form ∂µjµ = 0.
All time derivatives in the current conservation laws
must vanish in equilibrium. Then, the Rashba spin-orbit
coupling (7) turns (15) into:
∇Ix = −AyIz +AzIy = −mv Izx (19)
∇Iy = −AzIx +AxIz = −mv Izy
∇Iz = −AxIy +AyIx = mv(Ixx + Iyy ) .
The scalar gauge field components Aaµ are extracted from
Aµ = AaµSa, and we used the relationship [Sa, Sb] =
iǫabcSc between the SU(2) generators Sa in any repre-
sentation. These equations define constraints that the
order parameter must satisfy if it is to be static. In order
to express (19) in a relatively compact form, let us define
the in-plane spin-currents as double vectors:
~J = ~xJx + ~y Jy , ~I = ~x Ix + ~y Iy . (20)
The unit-vectors ~x, ~y are related to the orientation of spin
(by coupling to Sx, Sy), as opposed to the unit-vectors
xˆ, yˆ that are related to the spatial orientation of cur-
rent flow. Formally, ~x, ~y and xˆ, yˆ live in different vector
spaces, while ~J,~I live in both respective vector spaces at
the same time. It is also useful to define:
~θ = ~x cos θ + ~y sin θ , θˆ = xˆ cos θ + yˆ sin θ . (21)
Then:
~J =
2ζ2
m
[
~θ∇α− sin(2α)
2
(~z × ~θ)∇θ
]
(22)
~I = ~J+ 2vζ2
[
cos2α ~θ(zˆ × θˆ) + sin2α (~x yˆ − ~y xˆ)
]
.
The conservation laws (19) can now be resolved in terms
of θ, α and ζ. After some straight-forward algebraic ma-
nipulations, one finds:
∇Jz = 4vζ2
(
cos2α∇α+
sin(2α)
2
∇ζ
ζ
)
θˆ
~θ∇~J = 4vζ2
(
cos2α θˆ∇θ − ∇ζ
ζ
(zˆ× θˆ)
)
+mv2ζ2 sin(2α) (23)
(~z × ~θ)∇~J = 4vζ2
(
sin(2α)
2
∇α+
∇ζ
ζ
sin2α
)
θˆ .
B. Energy gain from the Rashba spin-orbit
coupling
The gradient energy of the order parameter (12) ex-
tracted from (8) is:
Ekin =
∫
d2r
{
Kt|∇η|2 + 2m2v Kt
(
Jxy − Jyx
)}
(24)
∝
∫
d2r
{
(∇ζ)2 + ζ2(∇α)2 + ζ2 cos2 α (∇θ)2
+κζ2
[
sin(2α)∇θ − 2(zˆ×∇α)
]
θˆ
}
,
where κ = 2mv. It plays the decisive role in the spatial
modulations of the order parameter. The quadratic gra-
dient terms are pure kinetic energy and always positive.
However, the Rashba energy is linear in gradients, so it
can be negative and stabilize a spatially inhomogeneous
state of non-zero currents.
8The first term of the Rashba energy
ER1 = κ
∫
d2r ζ2 sin(2α) θˆ∇θ (25)
can provide the maximum energy density gain propor-
tional to θˆ∇θ for any local value of α. Since θˆ is a unit-
vector, the amount of gained energy naively depends on
the magnitude of∇θ. However,∇θ 6= 0 implies rotations
of θˆ along various paths through the system. Assuming
that α is approximately homogeneous, a significant ER1
energy gain can come only from those regions of space
where the vectors θˆ and ∇θ do not rotate with respect
to each other. The total angle of θˆ rotation on a closed
loop ∮
dl∇θ = 2πn (26)
must be quantized (n ∈ Z) in order for the order param-
eter to be single-valued everywhere in space. In contrast,
the vector∇θ always rotates by the total of 0 or +2π on
the same loop. The +2π angle is obtained whenever θ
has a vortex of any non-zero “charge” n inside the loop.
Therefore, only a single-quantized n = 1 vortex allows
the vectors θˆ and ∇θ to co-rotate and yield a finite spa-
tial average 〈θˆ∇θ〉 that can reduce ER1. This analysis is
illustrated in the Fig.4, and assumes that the loops of in-
terest are simple closed paths without self-intersections.
The second term of the Rashba energy
ER2 = −2κ
∫
d2r ζ2(zˆ×∇α)θˆ (27)
behaves better: ∇α can be large (unlike ∇θ) while ro-
tating in synchrony with θˆ along a current flow path.
The additional factor of two and the absence of an ex-
plicit α-dependence also make ER2 stronger than ER1.
We conclude that this part of (24) is the main agent in
minimizing the ground-state energy. We should, there-
fore, seek order parameters with θˆ pointing everywhere
in the same direction as zˆ×∇α. This creates a pattern
of “helical” spin-currents.
The simplest helical current pattern is a uniform flow
of the in-plane spin that is perpendicular to the flow di-
rection (∇θ = 0, ∇α = const). Such a uniform flow
indeed exists as a solution of the stationary Schrodinger
equation, which is the equation of motion in our the-
ory. Consequently, this solution satisfies the conserva-
tion laws in the bulk. However, it may not qualify as an
equilibrium solution at the system boundaries, because
it involves spin transport from one side of the system
to another. The naive continuum limit considered here
circumvents this problem by allowing plane-wave con-
densates of zero group velocity, which carry no currents
and thus do not violate equilibrium. Such condensates
must occur at large momenta where the Rashba spin-
orbit-coupled triplet Cooper pairs reach their energy min-
imum. It is, then, extremely plausible that the natural
FIG. 4: Vortices of two-dimensional vector fields v ∝
−xˆ sin(kϕ) + yˆ cos(kϕ), where ϕ is the polar angle, can im-
plement any total rotation angle 2πk of the vector v around
a loop that encloses the singularity. However, only k = 1
can correspond to a current field without any sources at the
system boundary. Also, only the k = 1 case can describe a
current field of a quantized U(1) vortex, v =∇θ. Even if the
angle θ = nϕ winds by 2πn on the loop around the singular-
ity, the corresponding vector field v = n(−xˆ sinϕ + yˆ cosϕ)
is still a k = 1 vector-vortex for any n.
momentum cut-off present in lattice systems could put
such states in disadvantage. Our present analysis is not
suited for the exploration of dynamics at cut-off scales,
but we can nevertheless anticipate the existence of alter-
native stable lattice condensates.
Our goal here will be to qualitatively reveal the possi-
ble nature of alternative condensates using the analyti-
cal continuum-limit approach, despite its limitations. An
equilibrium pattern of non-zero currents must generally
have current loops. Finding them is complicated by the
non-trivial conservation laws for spin-currents. We will
thus make some approximations to qualitatively deduce
the character of loop spin-currents.
C. Coarse-graining approximations
Since (27) is the main source of energy gain from hav-
ing non-vanishing spin-currents, we can focus on its be-
havior in the well-defined limit of strong Rashba spin-
orbit couplings v. The characteristic values of |∇α| can
be large in this limit, leading to rapid spatial variations of
α. We are then justified in coarse-graining the kinetic en-
ergy and currents over the small regions of space where
α rotates a full cycle while the other variables change
gradually. The kinetic energy (24) is approximately:
Ekin ∝
∫
d2r
[
(∇ζ)2 + ζ2(∇α)2 +
1
2
ζ2(∇θ)2 (28)
−2κζ2(zˆ×∇α)θˆ
]
,
while the coarse-grained currents (13)
Jz = −ζ
2
m
∇θ , ~J =
2ζ2
m
~θ∇α (29)
9obey much simpler coarse-grained conservation laws (23):
∇Jz = 2vζ2 θˆ∇α (30)
~θ∇~J = 4vζ2
(
1
2
θˆ∇θ − ∇ζ
ζ
(zˆ× θˆ)
)
(~z × ~θ)∇~J = 2vζ θˆ∇ζ .
We can immediately see that ∇Jz → 0 on fairly short
length-scales if we keep θˆ and zˆ ×∇α parallel to each-
other to minimize the Rashba energy. Therefore, Jz
should have no sources or drains. Only current loops
in the form of quantized vortices can make Jz finite.
Substituting the divergences of (29) into (30) yields:
− 2ζ
m
(∇ζ)(∇θ)− ζ
2
m
∇2θ = 2vζ2 θˆ∇α→ 0
4ζ
m
(∇ζ)(∇α) +
2ζ2
m
∇2α = 2vζ2
(
θˆ∇θ − 2
ζ
(zˆ × θˆ)∇ζ
)
2ζ2
m
(∇θ)(∇α) = 2vζ θˆ∇ζ (31)
in the ground state (θˆ∇α → 0). These consequences
of spin-current conservation look particularly simple in
the regions far away from any vortex singularities, where
the spatial variations of the order parameter magnitude
ζ can be neglected:
∇2θ→ 0 (32)
∇2α = mv θˆ∇θ
(∇θ)(∇α) = 0 .
Since these conservation laws characterize the ground
state, we may use them to learn a great deal about the
nature of the order parameter in the helical condensate.
D. The nature of the helical triplet vortex lattice
We concluded earlier that the currents Jz should
have a certain vortex configuration in the equilibrium
minimum-energy state. So, let us understand better the
nature of vortices by looking at regions far away from
vortex cores. Suppose that θ winds by 2πn about the
origin, consistent with ∇2θ → 0 of (32). This makes ∇θ
tangential to the closed paths around the origin. The last
equation of (32) then implies that ∇α should be aligned
radially, in order to be orthogonal to ∇θ. Such a con-
figuration of the vector field ∇α must have a symmetric
continuous distribution of sources, which could be pro-
vided by θˆ∇θ 6= 0 in the middle equation of (32). This is
clearly a consequence of the finite Rashba spin-orbit cou-
pling (v 6= 0), which does not conserve spin in the usual
sense. We conclude that θˆ should keep being parallel to
∇θ. As we explained earlier, this is possible only if the
vortex “charge” is n = +1.
Any source of ∇α must be compensated by a nearby
drain in order to avoid a buildup of currents that cost ex-
cessive |∇α|2 kinetic energy. The ∇α source v.s. drain
FIG. 5: Examples of helical spin-current vortex lattices: (a)
the likely candidate state, (b) an alternative unstable state
that costs more energy. The shaded circles are vortices (+)
or anti-vortices (-) of θ, with arrows showing the flow of Jz ∼
∇θ currents. The solid red lines and arrows show the local
orientation of θˆ (which is not a current flow), while the blue
dashed lines and arrows show the local orientation of ∇α
(which is related to the spin current ~J). Only a half of the
unit-cell is shown. Note that each topological defect of θ is
a “coinciding vortex in η+ and anti-vortex in η−” (or the
other way round) according to (12), as stated in the Fig.3
of the main article. The vortex lattice structure cannot be
determined by the present analysis, and could be hexagonal
as illustrated in the main article.
character is governed by the sign of θˆ∇θ, which can be
either plus or minus even when n = 1 is fixed. Further-
more, every n = 1 vortex of θ must be compensated by a
nearby n = −1 anti-vortex in order to avoid the buildup
of currents that would cost a forbiddingly high |∇θ|2 ki-
netic energy. These considerations lead us to a candidate
vortex lattice state shown in the Fig.5(a). The n = 1 vor-
tices should form a bipartite lattice, whose one sublattice
provides sources and the other drains for ∇α. The pla-
quettes of this bipartite lattice should contain the n = −1
anti-vortices. It should be noted that the symmetry of
this Abrikosov lattice naturally satisfies the conservation
laws (31) even near vortex cores.
A very similar alternative vortex lattice, shown in
Fig.5(b), could be envisioned with α having a vortex con-
figuration just like θ (the average α “vortex-charge” den-
sity must also vanish, as required by the kinetic energy).
This would imply ∇2α = 0, and the existance of sources
and drains in the vector field of θˆ. However, such a state
is not stable because it violates the last current conser-
vation equation of (32). A partial remedy could perhaps
be found according to the more accurate last equation
of (31), but only near the (-) anti-vortices. Related to
this problem is a higher energy cost of this state (b) than
the vortex lattice (a). Even though both types of vortex
lattices keep θˆ ‖ (zˆ×∇α), the α-vortices in the state (b)
should have a large vortex “charge” in order to achieve
the optimum values of |∇α| in the bulk (recall that we
are considering the limit of large spin-orbit couplings).
This is bound to produce much larger and costlier vor-
tex cores than the ones of the state (a), despite the fact
that the θ-vortices of both states always have the n = ±1
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vortex “charge”.
The geometry and other detailed properties of the he-
lical triplet vortex lattice can be determined only numer-
ically. This goes beyond the scope of the present analy-
sis. Here we are content with knowing that the equilib-
rium superconductor of the Rashba-coupled Cooper pair
triplets is a peculiar vortex lattice of helical spin-currents.
This state is periodic as each vortex is matched by an
anti-vortex in the unit-cell. There are more than one
topological defects in a unit-cell due to the order param-
eter periodicity and other restrictions that we discussed.
Consequently, these vortex lattices are likely more sus-
ceptible to quantum melting than the simplest hexago-
nal Abrikosov lattice of Cooper pairs in magnetic fields.
Nevertheless, vortices and anti-vortices are kept firmly
apart by the strong spin-orbit coupling. Their annihila-
tion would result with the complete loss of helical spin-
currents (in equilibrium), and thus cost a finite energy-
density.
II. INCOMPRESSIBLE QUANTUM LIQUIDS
OF HELICAL TRIPLETS
A vortex lattice of any kind can be melted by quantum
fluctuations. The melting transition is generally first or-
der since the vortex density is roughly constant. Namely,
the separation between topological defects is set by the
external gauge field that stabilizes a vortex state, and not
by the overall strength of the superconducting order pa-
rameter that is being gradually reduced on the approach
to the transition. The ensuing quantum vortex liquid is
an incompressible state. If interactions fail to localize
particles because their density is too low, this quantum
liquid will generally exhibit many-body quantum entan-
glement and quasiparticles that have fractional statistics
and quantum numbers.
The only theoretical approach capable of justifying the
last extremely general claim is topological field theory.
A theory of this kind has been constructed recently to
describe both conventional and topological states of ar-
bitrary spinor fields coupled to external gauge fluxes of
arbitrary symmetry group and representation (see Ref.
46,47 in the main article). Applied to the triplet spinor
fields (12), this theory would have the imaginary-time
Lagrangian density L = LpLG + Lpt:
LpLG = η†(∂0 − iA0)η +
[
(∂i − iAi)η
]† K˜
2
[
(∂i − iAi)η
]
− η† t˜ η + u˜|η|4 + v˜|η†γaη|2
Lpt = i
8
η†ǫµνλ
[
∂µ
{
∂ν ,Θ
−1
0
}
∂λ +
{
∂µ∂ν∂λ,Θ
−1
0
}]
η .
The Landau-Ginzburg part LpLG is essentially the same
Lagrangian as that in (6), with only minor differences
that make it more general. The topological term Lpt
is completely inconsequential in any conventional phase,
where either particles are localized (e.g. Mott insulators)
or vortices are localized (e.g. superconductors). How-
ever, this term is allowed by symmetry and becomes im-
portant in any incompressible quantum liquid. Its role is
then to determine the exchange statistics of excitations.
It reduces to the well-known Chern-Simons Lagrangian
of (fractional) quantum Hall states when the incompress-
ible quantum liquids arise from Abelian external gauge
fields Aµ.
The above topological field theory employs insight
from the duality mapping to view incompressible quan-
tum liquids as states where both particles and vortices
are mobile but not condensed. Duality allows this only
by “attaching” particles to vortices. It was argued in
the Ref. 46,47 that the incompressible quantum liquids
shaped by the Rashba spin-orbit coupling are naturally
non-Abelian, since the vortex bundle attached to a par-
ticle carries non-trivial helical spin-currents.
Here we only wish to summarize some expected fea-
tures of the Rashba-based fractional TIs. Given that
the parent superconducting state is a lattice of vor-
tices and anti-vortices, the related vortex liquid state is
fundamentally different from any quantum (spin) Hall
state. The Rashba spin-orbit coupling violates spin-
conservation and thus eliminates the quantization of the
spin-Hall response. A bosonic quantum spin-Hall state is
a vortex liquid with a finite density of vortex “charge”,
which we know how to microscopically describe by the
Laughlin and other wavefunctions. In contrast, the in-
compressible quantum liquids we expect to obtain in our
system have zero net density of vortex “charge”. Note
that its vortices and anti-vortices are kept apart against
annihilation despite being in the liquid state, in order
to retain fluctuating spin-currents that lower the Rashba
energy. However, virtual pair annihilation and creation
is possible. This does not jeopardize an elementary frac-
tional vortex (quasiparticle) excitation in this liquid, be-
cause its excess vortex “charge” is conserved. The na-
ture of vortex quasiparticles is hinted by the microscopic
picture of vortices in the parent superconducting state,
which we obtained in this supplement. It is currently
not known what quantum numbers are carried by such
excitations (other than charge), and how to construct an
appropriate microscopic many-body wavefunction.
